
Math 451: Introduction to General Topology
Lecture 14

The profinite topology on & (continued).

Claim. The prefinite topology on & is metrizable
,

e
. g . by the metric

d(x, y) := 1(x - y/kz
,

where Kall := En
nYz

Proof.
HW.

We use this topology to give a funny proof (by Furstenberg) What =A-many primes. First let's

recall the usual proof, which hinges on the fact that
every integer z + D

,
211

,
is divisible

by a prime number ,
1

. e .

I prime p suh But FREX with z = up
.

Prop .

5
-many primes in D.

Proof 1
. Suppose otherwise

,
so7 only finitely may prices p, P2 , ..., Pu .

There z := PP :Put
is not divisible by any prime p: since if z= kp ;

for come Ke2, then

kpi = P, R ... Pu + 1
,

so 1 = kPi - PPz-Pr = Pilk-m) is divisible by Ps ,
a contradiation.

Butz not being divisible by any price contradicts the above statement.

Proof 2 (Furstenborg)· Note Mut z5C) is divisible by a prime p It zepC ,
which implies

* \(113 = Up
pprime

beze every e\I1] is divisible by a prime . If here were only finitely many prices

P ,, Pz ...., Pr ,
we would have

/(11) = P.,



so XX = 13 is open since it is a finite union of open sele
.
In particular,

311) is open ,
which contradicte that open ul in the prefinite topology we infinite

Lkince they are unious of milhetic progressions bese the latter form a basis).

Def . Let X be a topological space and xeX. A neighbourhood basis at x is a collection

-B of
open
rte containing x such that for every open Vex JUEB ,

with UEU

SExamples· (a) In any top. space (X
,
T) and xEX

,
the not Bx := UET : Nex] is a

neighbourhood basis at X.

16) In a metric space
X

,
for each xEX

,
the collection of all open balls restored at x

is a mighbourhood basic at x .
In fact

,
the collection (Ba(x) : met is a

neighbourhood basis and it isthl.

(c) In any top, space X
,
if B is a basis for the topology. then

Bx : = \U(( : Uzx)

is a neighbourhood basis at x.

Proof
.

If VEX is open ,
then V is a unier of sets in 23

,
have xell for some

UEB
,

so UEBx

Prop (converse to example K) .

In a top , space X ,
if By is a neighbourhood basis at x

,

for

each xeX
,
Ren B := VBx is a basis for the topology.

x= X

Proof
. It VIX be

open .

Then for each xeV
,
7 UxEBx with xUxEV

.

But the

V= R

subspace topology laka relative topology).

let IX
,
itI be a topological space

and YEX. We can make " into a topological space

as follows : Let Y : = \U14 : Ye + ].



laka relativel

Pop . To is a topology on Y
,
called the subspace topology of

i

.

Proof
.

D = 01Y and Y = X1Y are both in Ty .
If SVibiet is an arbitrary collection

of sets in Tr
,
then each Vi = HiMY for some open USET ,

hence

UV = V (14) =/ ui) 14 = Tr
itI it Iif

bece WUieT. Similarly , one verifies the closeness ofTh under finite intersections
.

it I

Examples . (a) If IX, d) is a metric space and YEX ,
When the subspace top on Y is induced by

the restriction dly of the metric
,
i

. e. (Y
, dlu) is a metric space

whose open ret

are exactly the sels of the form K1Y
,
where I is

open in X.

16) Let X be any top space and YEX an open subset
.
Then the subspace hopology on Y

consists exactly of those open rate in X which happenho be subsets of Y
.

This is become for open UIX ,
RMY is still open in X.

(2) In the subspace hop of 10
,

13 indured from IR
,

the at 20
, ) is open because

(0
,
:) = 1-E , t)1 10,

1
.

() The -Cantor at C = 10 , 13 with the subspace top included by I is honeorplic to

the Cantor space
2

,
as proved earlier .

Remark
.
The properties of ahop, space X are not always interited by its subspace.

Example. D ,
the landorsed I are both O-dimensional

,
while IR is not

,
in fact

the onlyopen subsets of IR are & and IR lie .
IR in connected).

Topological countability.

Def
.

A topological space X is called :

separable if there is a ctbl dense at D=X.

1 itbl if there is a ctbl neighbourhood basis at each point xX.
2nd cel if there in a ctbl basis.



Lindelof if every open cover of X admits a ctbl subcover .

An open cover of X is a collection H of
open sets such that X =W.

Example : U := ( In
,
n + 2) : neCh is an open cover of IR.

A subcover of 1 is just a subcollection Hell which is still a cover of X.

Examples . (a) IR
,
more generally IR" are separable bene & is dense and ctbl.

Also
,

1R & is 2ndthl bene thecollection of balls of radii t
,
hEINt

,
undered at 19

is a basis and is thl.

(6) For a ctbl + 0
,

I is separable becase fixing oZ the at

Q : = (woo : we z1]

is dense in IIN because every cylinder (n] has a representative wow
,
where

08 : = 0000
...,

so if wi= Wo ... Wurl
,

then wot-We ... W, 0000 ...

line I' in itbl
,

Q istbl.

z
&

is in fact 2ndthl since the cylinders from a basis and there are only
z *

-

may cylinders ,
hone atbly many

() Profinite topology on K is I'd ctbl becase there are only atbly many withwe

tis progressions a + 61
,

4
,
821

,
bease I inthl.

Prop .

22 itbl => 1stitbl + separable·

Proof
.
Let B be a ctbl busis for the top. of X . Then for each xeX,

Bx : = \UcB : Uzx]
is aneighbourhood basis at x and is thl beae BxEB .

For separability , pich luring AC) one point from each set in B
,

i. e
.

Grea HEL,

let XetU ,
then take D := >Xu : UEB) . By definition ,

O meets every set in 13,

hence every open set since every open set is a usion of sets in B.

The converse of this proposition fails and we will start with a counter-example next time.


